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1. INTRODUCTION 
It is well known that the properties of a group of point transformations 
on a differentiable manifold are most easily studied by examining the fields 
of geometric objects dragged along by the group. In view of the group 
structure, the considerations can be confined to the group germ, from which 
the theory of Lie derivatives naturally arises. These considerations are, 
however, usually confined to linear geometric objects, for otherwise the Lie 
derivative of an object is no longer an object. From another point of view, 
and particularly in applications, one desires information concerning geometric 
object fields dragged along by finite point transformations, where either the 
object fields are not linear, or it is impractical to compute the finite result 
by means of the exponential operator applied to the infinitesimal result for 
linear object fields. 
In many instances when one is given an object field and an invariant 
derivative of the object field, an evaluation of the dragged-along invariant 
derivative of the object field is required. The purpose of this note is to 
obtain such evaluations in terms of the invariant derivative of the dragged- 
along object field and the connective structure of the manifold. In the course 
of obtaining these results, we also define a generalized invariant derivative 
that contains the covariant derivative and the extensions of Veblen and 
Thomas, in those cases where such operations are well defined. 
2. PRELIMINARY CONSIDERATIONS 
Consider an n-dimensional differentiable manifold I’, covered by a set of 
neighborhoods with coordinates e’, where Greek indices run over the range 
1, 2, . . . . n. We write (x) to denote the systems of coordinates ti. In the V, 
referred to (x), we consider a one-parameter group P of point transformations 
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of class Cm, which establishes a one-to-one correspondence between points of 
a region R(0) and those of a region R(p) for all p in the p-domain, L(a, b). 
Here f”,s stands for the partial derivative off” with respect to 9. We may, 
without loss of generality, fix the identity element by the requirement 
f”(xs; 0) = x”, and hence obtain z”(O) = x~. 
Let P@) denote the inverse of P(p). With this inverse point transformation 
we may associate a coordinate transformation, T(p) : (x) -+ (‘x), such that 
the coordinates of the old point in the new coordinate system are numerically 
equal to the coordinates of the new point in the old coordinate system. This 
new coordinate system is referred to as that dragged along by &), and since 
‘x(p) = Z(P), we have 
T(P) : ‘X”(P) =fW, P). (24 
Let Q(x) be a geometric object field in I’, (indices supressed) referred to 
the coordinate system (x), and let ‘Q(x) be the same object field referred to 
the coordinate system (‘x) dragged along by s@). The field g(x), referred 
to as the dragged-along$eld, is defined by 
‘b(x) = a+); (2.3) 
that is, the values of the new field in the new coordinate system evaluated at 
the old point are numerically equal to the values of the old field in the old 
coordinate system evaluated at the new point. The obvious importance of 
this process is that it allows us to evaluate ajeld at z”(p) in terms of the dragged- 
along field evaluated at the point with coordinates xoL when the field is referred to 
the dragged-along coordinate system (‘x). In what follows, it will be useful to 
consider an operator lP(p) defined by the relations 
P(p)(@) = D”(p)@ = 5(x), (2.4) 
with the understanding that 
‘D”(p)@ = ‘(D”(p)@) = ‘Z(x). (2.5) 
Consider, for the moment, the infinitesimal representation of the group 
of point transformations P: 
zqspp) = P + sp vqxq + o(Sp). (2.6) 
With Yano’s definition of the Lie derivative with respect to er (see [l], p. 20), 
we have 
(2.7) 
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A trivial calculation then leads to 
WP) = exW$P) (2.8) 
for any linear geometric object. The restriction to linear geometric objects is 
clearly necessary in view of the fact that L?@ is a geometric object only if @ ” 
is a linear geometric object, in which case dip@ is a linear homogeneousgeometric 
object (see [l], p. 21) . 
21 
The quantity 
qp)(@) = Lqp)@ = (P(p) -- l)@ (2.9) 
is referred to as the Lie difference. We note in passing that (2.7) and (2.9) give 
=pw = Qbyo [mYmPP(41. (2.10) 
3. INVARIANT DIFFERENTIATION 
We now assume that I’, is affinely connected so that there exist n3 functions 
L&(&) of class Cw defined throughout Vn referred to as the components of 
affine connection. For general linear geometric objects, other quantities 
beside the components of affine connection are required in order to define an 
invariant derivative of @. For example, the invariant (covariant) derivative 
of pseudo quantities requires an additional pseudovector field (see [2], p. 130), 
invariant derivatives of analytic spinor fields require certain auxiliary spin 
matrices, while the invariant derivative of anholonomic represented quantities 
requires the components of anholonomy and the intermediate components 
of the identity. In all of these cases, the object fields are linear differential. 
If the objects are linear but not differential, then higher-order connections 
are required in addition to the components of affine connection. In all these 
cases, we shall represent the additional required quantities by Q(X) (indices 
supressed), and for consistency, L(x) will be used to denote the components 
of affine connection when indices are supressed. 
DEFINITION 3.1. Let Q(x) be a geometric object$eld. An invariant derivative 
of CD is defined by the relations 
V,@(4 = ww + y&w, Q(x), @(x)) (3.1) 
sf and only if the functions Y, are the same functions of their indicated arguments 
in all coordinate systems. That is 
‘P,@(4) = ‘G&@(x)) + Yd’LW ‘Q(x), ‘@(x>> (3.2) 
for any (‘x) obtained from (x) by an admissible coordinate transformation. 
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DEFINITION 3.2. If  
Y&(x), Q ( x ) ,  qx)) q = hYmi,(L(~), Q ( x ) ,  @(xh (3.3) 
then V, is said to be linear. 
DEFINITION 3.3. If  
Y&W, hQ(x), @(x>) = MY&, Q(x), @p(x)), (3.4) 
then V, is said to be connectively homogeneous, 
If  G(X) is a linear differential geometric object, it is easily seen that the 
covariant derivative of @b(x) satisfies the conditions of an invariant derivative 
(see [2], pp. 123-131). In this case V, is linear and connectively homogeneous. 
If  Q(X) is a linear object, it is also evident that V, must be linear if it exists. 
For general geometric objects, we proceed as follows. Let us denote the 
transformation laws for a(x), L(X), and Q(X) by ‘Q(x) = F(@; X, ‘x), ‘L(X) = 
G(L; x, ‘x), and ‘Q(X) = H(Q; x, ‘x) respectively. We then have 
(3.5) 
where aFja’ti 1 denotes the partial derivative of F with respect to ‘xoL for 
constant @. If we eliminate a,@ from (3.5) by use of (3.1) and substitute the 
result into (3.2), we obtain 
'(V,@) - g g V,@=$ -s-g Y,W, Qv @I 
+ Y,(G(L; x, ‘x), H(Q; x, ‘x), F(@; x, ‘4. 
(3.6) 
Thus, if we add the requirement 
(3.7) 
as transpires in all previous cases of invariant derivatives, the Y,‘s must 
satisfy the functional equations 
$ +$ Yp(L, Q, @I 
= g 1 + YJG(L; x, ‘x), H(Q; x, ‘x), F(@; % ‘x)). (3.8) 
The purpose of introducing the above definitions is that they are somehwat 
more general than the usual definition of covariant differentiation or extension 
and at the same time provide a precise context in which to present our 
results. These results will, of course, apply to all cases in which the covariant 
derivative is defined. 
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4. DRAGGING ALONG AND THE INVARIANT DERIVATIVE 
If we are given an object field D(x), we have seen that we may evaluate this 
field at the image of x under P(p) in terms of the dragged-along field evaluated 
at the original point x. Now let Q(X) be such that the process of invariant 
differentiation is well defined. In this case we may evaluate Vm@(z) in terms 
of dragged-along fields evaluated at x by the relations 
‘(D”V$D(x)) = V,@(z). 
It is natural, however, to attempt to evaluate PV,,@(x) in terms of P(@x), 
since this field is presumably known. 
THEOREM 4.1. Let Q(x) denote a geometric object Jield for which the process 
of invariant differentation is well defined, so that V,@(x) = a,@(x) + YJL(x), 
Q(x), @(x>). Then 
+ Y,(‘D”(PW), ‘D”(P)Q(x), ‘D”(P)@(~) (4.1) 
where (Ix) is the coordinate system dragged along by &p). 
PROOF: At the point P(P), which is the image point of XOL under P(p), 
Definition 3.1 gives 
V,@(4 = a,w + Y&Q), Q(d, @(4). (4.2) 
If we use (2.3) and (2.4) and note that L(x) and Q(X) are geometric object 
fields, we may replace the quantities evaluated at xoL in terms of quantities 
evaluated at the original point XCL. When this is done, we have 
‘PYP)V,@W = asw + YA’D”(PMX), ‘D”(P)QW> ‘WPMX)). (4.3) 
NOW, a,q2) = aq,gafl, while X@ = ‘x0: by definition of the coordinate 
system dragged along. We consequently have 
a,@(Z) = a(w(pyqx))/a~ = a(fmyp)q~))af~. (4.4) 
A direct combination of (4.3) and (4.4) establishes the theorem since 
a('mypp(x)ya'~ = ya,p(pyqx)). 
THEOREM 4.2. Let Q, denote a geometric object field for which the process of 
invariant differentiation is well de$ned, and let this process also be well dejined 
for the$eld D,(p)@(x); that is, 
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where the W’s are the same functions qf their indicated arguments in all coordinate 
systems. We then have 
PROOF: Under the given hypotheses, we have in the coordinate system 
(‘x) the relations 
‘(VPyp)@(x)) = ‘(WwL(p)@(x)) + W,(‘L(x), ‘Q(x), ‘DV)@(.4). (4.7) 
An elimination of the terms ‘(aJF(p)@(x)) between (4.7) and (4.1) gives 
Since the right-hand sides of these equations have the same form for the 
primed variables as for the unprimed variables, so must the left-hand sides. 
It thus follows that (4.8) holds when the primes are dropped from both sides, 
and the theorem is established. 
DEFINITION 4.1. An invariant derivative V,@(x) qf a geometric object 
field Q(x) is said to be compatible with D”(p) if and only a. V,D”(p)@(x) is well 
defined and given by (4.5) and the functions n7a satisfy the equations 
W&W, Q(x), D”(P)@(X)) = Y&W, C?(x), D”(P)@(x)). (4.9) 
This definition arises naturally as a consequence of the fact that the covariant 
derivative of linear homogeneous differential geometric objects has this 
property. 
THEOREM 4.3. Let Q(x) be a geometric object field for which the process of 
invariant differentiation is well defined and compatible with D”(p). Then 
(D”(~)vw - VPYPNW = Y’(D”(P)L(x)> D”(P)Q(x), D”(P)@(X)) 
- Y&%4, Q(x), D”(P)@(X)). (4.10) 
PRCJOF: The result is an immediate consequence of Theorem 4.2 and 
Definition 4.1. 
THEOREM 4.4. Let the conditions of Theorem 4.3 hold and let V, be linear 
and connectively homogeneous. Then 
(D”(P)V~~ - ~,D’?P))@(x) = y@‘(~)L(x), ~(P)Q(x), D”(P)@(+ (4.11) 
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PROOF: The proof is an immediate consequence of Theorem 4.3, 
Definitions 3.2 and 3.3, and Eq. (2.9). 
As an example, for D(X) a covariant vector J&x), and V, = (covariant 
derivative), we have 
From this and (2.8) one easily recovers the well-known result: 
(4.13) 
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